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A STUDY.AND CLASSIFICATION OF RULED 
QUARTIC SURFACES BY MEANS OF A 
POINT-TO-LINE TRANSFORMATION 


BY 
Binc CHIN WonG 


1. The purpose of this paper is to study and classify ruled quartic surfaces by 
means of a point-to-line transformation. The paper will consist of four sections: 

Section I. A historical discussion of the subject. 

Section II. The setting up of the machinery of transformation. 

Section III. The study and classification of the ruled quartics of the species 
from I to IX. 

Section IV. A slight modification of the machinery of transformation given in 
Section II and the classification of the remaining three species. 


SECTION I 


2. Ruled quartic surfaces have been studied and classified by Cremona,! 
Sturm,? Cayley,? Salmon,* and others.> These authors classify these surfaces 
according to their deficiency,’ and reclassify them according to the nature of the 
double curves they have on them, and once more reclassify them according to the 
kinds of surfaces into which they are reciprocated. 

3. There are two species of ruled quartics of deficiency unity and ten species 
of deficiency zero. The double curve on those of deficiency unity is a pair of straight 
lines which, if distinct give species I, and if coincident, give species II.7 The 


1 Bologna Accad. Sci., Mem., vol. 8 (1868) 

> Liniengeometrie, Bd. 1, pp. 52-61 

3 Phil. Trans., vols. 154 (1864) and 159 (1869). 

4 Analytic Geom. of Three Dim. (ed. 5), vol. 2, chap. 16. 

> A discussion of ruled quartic surfaces may are be found in Jessop, The Line Pls ead Cam- 
bridge, 1903, chap. 5 and in Basset, The Geometry of Surfaces, Cambridge, 1910, chap. 6 

6 The denciebey of a surface is defied as the difference between the maximum and in actual 
number of double points on any plane section of the surface. 


7 This discussion is based upon the works of Cremona and Sturm, but the order of the species 
is Sturm’s. Different authors number the classes differently. Owing to the difference in the 
point of view, the order in this paper is yet a different one. 
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double curve on those of zero deficiency is either a space cubic, or a straight line 
and a conic, or three straight lines. Those ruled quartics with a double space cubic 
are of species III if their reciprocal surfaces are of the same kind, and of species 
IV if their reciprocal surfaces have a triple line. Those whose double curve is a 
straight line and a conic belong to species V if they reciprocate into surfaces of the 
same kind; to species VI if they reciprocate into surfaces with a triple line. Those 
with three double straight lines make up the remaining six species: if the three 
lines one of which must be a generator are distinct, the surfaces belong to species 
VII; if two are coincident, the distinct one being the generator, the surfaces belong 
to species VIII. If the three double lines are all coincident, we have species LX 
if the surfaces reciprocate into those with a double place cubic; species X if they 
reciprocate into those of the same kind; species XI if the triple line is itself a gener- 
ator counted once; and finaly, species XII if the triple line is itself a generator 
counted twice. Species XI reciprocate into surfaces with a straight line and a 
conic, and species XII into those of the same kind.® 

4. The table® given (p.373) presents a view of the different orders given to the 
species by Sturm, Cremona, Cayley, and Salmon, and also exhibits the special 
features of the different classes. In this table 

k? stands for double space cubic; 

c? stands for double conic; 

_e stands for double generator; 

d stands for double directrix; 

d-+d stands for two coincident double directrices; 

d-+d’ stands for two distinct double directrices; 

d+d-+d stands for a triple line, 

d+d-+d, stands for a triple line which is itself a generator counted once; 

d+d,.+d, stands for a triple line which is itself a generator counted twice. 
The double curves on the reciprocal surfaces are denoted by the corresponding 
Greek letters. | 

It is obvious that species IV and VI reciprocate into species IX and XI 
respectively, and vice versa; while the other species are their own reciprocals. 

5. The classification given in the following paragraphs is from a different 
point of view. Here we start with certain plane curves” which, by a point-to-line 
transformation, go into quartic surfaces, and, it will be shown, all the different 
classes of ruled quartics can be obtained in this manner. It will also be shown 
that there exists a close relation between the singularities" on the surfaces and the 
position and class of the plane curves. 


§ Salmon divides those surfaces with a triple line into five classes, I—V according to his 
enumeration, making thirteen species in all, while Sturm divides them into four, IX—XIT as 
given above. As a matter of fact, V of Salmon is only a subform of IV, that is, a subform of XII 
of Sturm. See § 47 below. 

° This table, with a slight modification and an addition of Salmon’s enumeration, is the com- 
_ bination of the two found in Jessop, The Line Geometry, p. 80. 

10 For our purposes, conics and plane cubics only need be employed. Plane quartics may be 
used but they offer nothing new. No quintic curve or curve of higher degree can give quartic 
surfaces. But if one were to study and classify ruled surfaces of higher degree from this point 
of view, one would have to resort to curves of higher order, both plane and space. 


1 Including double curves and pinch-points. 
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6. This method has three interesting features: (1) the one-to-one corres- 
pondence between the generators of the surfaces and the points on the plane 
curves; (2) the dependence of the singularities on the surfaces upon the position 
and class of the plane curves; and (8) the possibility of the method in studying 
and classifying scrolls of higher order. 


Double Double curve 
Def. curve on rec. s. Sturm Cremona Cayley” Salmon! 
d+d’ 6+6’ I | 1 11 
p=l1 
d+d 6+6 II 12 + 13 
k3 ke REE , 1 10 6 
k8 6+6+6 IV i 8 7 
e+d k?+6 V 2 c 8 
etd 6+5+5¢ VI + (11) 9 
d+d’+e 5+5’ +e VII 5 2 10 
- d+d+e b+5+¢e VIII 6 5 . 12 
d+d+d k3 IX 8 9 1 
d+d+d 5+6+6 xX 9 3 2 
d+d+d, k?+6 XI 3 (12) 3 
d+d.+d. 5b +be+5e XII 10 6 4 (5) 


SECTION II 
7. Take two fixed quadrics 


4 
PF, = D9 Bt ve = OF 
1 


° 4 
FP, = Db ;x?; 4). 
at 


Any point Y(y1, ye, ys, ys) in space is transformed into a line 
4 

| 20) wp = 0 ) 
| 4 
Zbiyie i= 0, 

2 Cayley does not consider (11) and (12) as separate species, but as subforms of 8 and 9 
respectively. 

18 Salmon begins with surfaces having the highest singularity, that is, a triple line, and divides 
them into five classes, and then takes up those having a proper space cubic, and then those whose 
cubic degenerates, etc. See note 8. 
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which is the intersection of the polar planes of Y with respect to Ff; and F;. To the 
«% of points in space there «* of polar planes with respect to F; and also «? of 
polar planes with respect to #2 corresponding. The space consisting of the «3 
of polar planes with respect to F; and the space consisting of the « * of polar planes 
with respect to F,2 are clearly collineated to each other, for to every plane of the 
one space there corresponds a plane of the other space, both being polar planes 
of the same point. Then every line 1, being a line of the intersection of the corres- 
ponding planes of the two collineated spaces, is a line of a tetrahedral complex" 
whose fundamental tetrahedron A,;A,A3A4 is the self-polar tetrahedron common 
to FiF.. To show this algebraically “, write the six homogeneous codrdinates of 1: 


Gio: is: Gia = Yaa: Gao = oe 
=T712Y1Y2 = TWisY1Y3 + WisYiYa + W3aYsYa > WaeYaYo += To3YoY3 


where Tik= a,b;, vary AyD ;. Then 


4213 7427713 
— ? | 
G14423 = 147 23 
714423 114723 
— ? 
G12934 1127734 


12934 7127734 
— Ps 
and G13Q42 0-7 137742 


Clearing fractions and adding, we have 


Aqi2d34 + Bqi3q¢42+Cq14go3 = 0, 
where 
A = 7 137 42 — 17147723, 
B=y4%23—7 12734, 
C= 7 127 34 — 77137 42, 


which is the equation of the tetrahedral complex. Since the coérdinates of the 
point Y are not involved in this equation, every point in space goes into a line belong- 
ang to the above complex determined by the fixed quadrics. 

8. If a point describes a straight line in space, its two polar planes with respect 
to F, and F, describe two projective axial pencils whose corresponding planes meet 
in the generators on a ruled quadric. Algebraically, let 


(yi trZ1, YrotrZo, Ys tres, YstnrzZa) 


be the coédrdinates of any point on a given line g through Y and Z. Then the inter- 
sections of the corresponding planes of the two projective axial pencils determined 
by the given line g are given by 


4 
La;(yitrzi) x; oz 0, 
1 


4 
Lhi(ysitrzZ,)2i =); 
at 


14 Reye, Geometrie der Lage, Abth. 2, erste Auflage (1868), 15. Vortrag. An exposition of this 
complex is also given by Sturm in his Liniengeometrie, Bd. 1, pp. 332-382. 


16 Jessop, The line Complex, Cambridge, 1903, chap. 7. 
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Eliminating \, we have 

4 

2 ee ee 

7=—=1K=1 Pi ) 
[where pi,=Yi2e— Yx2i] Which is the equation of a quadric surface. But the pix are 
the six homogeneous coérdinates of the given line, and therefore, we conclude that 
when the pix of any line are given we can at once write down the equation of its corres- 
ponding quadric in the above form. 

9. Now if we take three straight lines p’ x, p’’ix, p’”’ ix forming a triangle in space 

whose corresponding quadries are, respectively, 


4 
| ies kama i} 
QQ! = Lrixp’ it, =0, 
1 
4 
Tia lA 
QU = Drip" tit, =0, 
1 


4 
OQ” = larinp’” tit, =D, 
1 
any conic 
Ap” intAcop’?in+As3p 7 ,+2A Asp’ xp” in +2A2A 3p ip in +2A 3A ip “ap 4—0 
in the plane of this triangle will go into a ruled quartic surface whose equation is 


A 11Q”+ A o2Q’?+ A 33Q//?+2A4 120Q0/Q" +2A 13Q’Q’”’ +24 o;0"Q"" =0 


or 


4 
Lm nm lZArsp™ hp 1] irr 721 =0 Fee ae sees er EE 
1 


A plane cubic in the plane of the same triangle will go into a sextic surface whose 
equation is 


LAr Q?Q@QV= 
LW ik AT mnlLA rstp (r) inp jp wal ee jLIU men = 0 
Ani A tom pe ee r, 8; t=1, 2, 3]. 


Similarly, a plane curve of degree n goes into a ruled surface of degree 2n. All the 
surfaces thus obtained have the four vertices of the fundamental tetrahedron in 
common. 

10. Corresponding to the «? of points in a plane u is a congruence of lines all 
cutting across a cubic k? twice. To prove this, when wu is given, we have two points 
Zand Z’ fixed which are the poles of u with respect to F; and Fy. Z and Z’ can be 
considered as two projective point systems, and the locus of the intersections of the 
corresponding rays which do meet is a space cubic. Every point in wu will have its 
two polar planes, one through Z and the other through Z’, intersecting in a line 
cutting across the cubic twice. Since every line in u has its corresponding quadric 
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through the four vertices A;, A2, A3, A of the tetrahedron of reference, this cubic 
k; must go through them also, and is therefore a cubic of the complex. Thus, 
every plane in space determines a cubic of the complex uniquely. Every plane curve 
goes into a surface on which lies the cubic determined by the plane of the curve. 


11. A pair of intersecting lines is transformed into a pair of quadrics having 
in common a generator which comes from the point of intersection of the two given 
lines and cubic k? which is determined by the plane of the two given lines. To 
obtain the parametric equations of k%, let (w1, we, w3, us) be the codrdinates of a 
given plane u, and let p’y, and p’’;, be any two lines lying in it. The two quadrics 
corresponding to these two lines 


4 
| pace ate / 
QQ! =lrixp’ 42:2, =0, 
1 


4 
| Af je VL 
QVM = Irixp"’ 40:0, =0, 
1 


have, besides the common ruling into which the intersection of p’i, of p’’; goes, a 
common cubic k? whose parametric equations are easily found to be, with \ as the 
parameter, 

pt, =U1(d2X\—b2) (a3c\—b3) (asd—ba), 

pt. =U2(a3t\—b3) (aiA—b1) (a,A—),), 

pxt3=U3(d4\—b4) (AiA—}1) (Asdk—bo), 


pl. Us(ayr ra by) (asd — bs) (a3s\— bs), 
or 


r | 
px;=u;iP(a;rA—);) a ers ake ee ar 
; | 


These equations are independent of the codrdinates of the lines but not of those 
of the given plane; therefore, when the codrdinates of any plane are given, the 
equations of its corresponding cubic can be easily written.. 


12. Now if u;=0, 1.e., if the plane u passes through the vertex A, of the funda- 
mental tetrahedron, k? degenerates into a conic c? lying in the plane x; and a straight 
line d which passes through A, and cuts across the conic. c? and d must have a 
point in common, for, if not, the quadrie which corresponds to a line in u (0, te, 
Us, Us) and therefore contains c? and d, would be intersected by a straight line lying 
in x; through P in which d pierces x, in three points, one being P itself and the other 
two being on cg. This is impossible. 

13. We can get the parametric equations of the conic cz by putting u;=0 in the 
parametric equations of k? (Art. 11), or we can get them as follows: 

Let (0, we, wz, ws) be the codrdinates of the plane wu and let any other plane 
u'(w's, W's, w’3, w’4) intersect it in the line 


/ e if ° / e° s e 
qix(U 1U2 - U2U3- W4- G34 - 143 - 23). 
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Then corresponding to this line we have the quadric 


T 12934 1o+ W139 420 103+ T1493 1X4 
mas W (me3lalot3+ T4.l3loLst 13 4UoX3L4) =0. 
Putting z,=0, we have the conic in which this quadric is intersected by the 
plane 2;: 
eh 0, T23U4LoL 3+ Tog loL4+ T34UoL3t4= 0. 
These equations are independent of the codrdinates of the plane w’, and therefore 
represent the conic common to all the quadrics corresponding to all the lines in the 
plane wu. This conic is none other than c?, part of the degenerate cubic ks. 
14. Now to obtain d: Take two lines through A: 


Ve ne Us, U3, Ua), 
3 u' (0, U's, U's, 4), 


l= une U2, Us, Us), : 
=> yr re ‘I / 
3 WO on a 


whose corresponding quadrics (pairs of planes) 


Q)=2ilr 12q' 348o+Tisqset3 trig’ 2305] as 0, 
Q2= xl 129" 34to+ 1 13¢/ 42%3+ 7 14q' 2304] =0, 


have, besides the plane 2,, the line 


/ ds f 
124 3402+ 1139 4003+ 714d o3t4=Q, 
la BA iy 
712d 3402+ 7139 4003+ 14 o3t4=Q, 


in common. This line has its homogeneous codrdinates: 
aU pocee @ iare W137 14Ue : 17197113 + 7127134 


and has its parametric representations: 
pXLy = AT 127 14Us, 
pl2= 71 13714Ue, 
pXl3= 71712714U3, 


PLl4= 7127 13U4. 


Both the coédrdinates and the representations of this line are independent of the 
codrdinates of the plane w’ and those of the plane w’’, and therefore this line is the 
line d common to all the quadrics coming from all the lines in the plane wu. 

15. Now if w;=u2=0, ie., if the plane u passes through the edge A1A.2 of the 
fundamental tetrahedron, we have its k3 broken up into three straight lines d+d’ +e. 
d lies in the plane x, d’ in x2, while e being the intersection of x; and x2 cuts across 
the other two. Let any plane 

WUC PIdey, Uh tk 
intersect the plane wu (0, 0, w3, ws) in the line whose transform is the quadric 


3 / / / ti hae 
129340 1Lo +7 13U4U 2U1X3— 1 14U3U 2X1 L4— W4Qu 1U3LqV4— TW23U 1UW4X 2X3 = 0. 
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When x,=0, we have 
l= 0, and To3h4lg+ 1 4.U3e4 = 0; 


and when v,=0, we have 


v1 => 0, and T 13U403— 171 4U3L 4 = 0. 


The equations of these three lines 


| “a 0, 
T23Usl 3+ T4gllgl4= 0; 


, aah s 
7 13U4l3— 1 14U304 = 0; 
4=0, 
€ X2=0, 


being independent of the codrdinates of the plane wu’, represent the degenerate k? 
common to all the quadrics which correspond to all the lines in w. e is the common 
generator, while d and d’ are the common directrices. 


16. Every plane wu, besides determining uniquely a space cubic k’, contains a 
conic y? of the complex, the conic to which all the complex lines in the plane are 
tangent. All these lines, ~ in number, correspond to the points on k*; or in other 
words, all the points on a cubic curve of the complex determined by a plane go 
into lines tangent to the conic of the complex in that plane. 


17. To obtain the equations of this conic y?, write the equations of the polar 
planes of the points on k? (Art. 11) with respect to F; and F2, respectively, 


4 4 
a Ayu; as (a,A—b;)x;=0, 
1=1 = if 


4 4 
= il = i 
These two planes intersect in a line which we shall designate by Z. For every value 
of d, there is a point on k? and there is corresponding to it a line given by L. All 
these lines of the system L lie in the plane u, for the matrix 
€11B2B3B, Q.U2.B3B 4B, a3U3B.B,B, a4usB,B,B3 


bu, B2B3B, bee B3BsB, b3U3B 4B, By» 3 b4UsB, BB; 
Uy U2 U3 U4 | | 


[where B;=a;A\—),] of the coefficients of the two equations of LZ and those of the 
equation of the plane wu is of rank 2. To show this is merely algebraic work which 
any one may easily verify. 


18. The line L pierces the plane x; and x2 respectively in 


i410 : T34UzUsDe : T42U4UeB 3 : 193U2U3B4), 
R= (134U3usBe ae Re T41UsUu Bs x 1 13U1U3B4). 
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The plane determined by Ri, R. and A(0: 0:0: 1) is given by 


p= 774101 DoB 381+ 1422. 3B 122+ 143U3B 1 B.x3=0 
or : ; 
2 Was; | (a,A—b;)x;=0 eae 
4=1 q=1 
This equation involves \ in the second degree and is therefore a system of planes envelop- 
ing a quadric cone whose vertex ts the point As(0: 0:0: 1). Therefore, the equations 


p=0, u=0 


represent the system of lines tangent to the conic y? of the complex in the plane u and 
these lines are lines of the complex. 

19. This system of rays is none other than the system L given by the equations 
of Art. 17. Thus, when a plane is given we can easily write down the equations of the 
system of lines of the complex lying in tt. 

20. The system of complex lines in the plane u (0, we, us, ws) Is made up of two 
flat pencils of the first class, one of which corresponding to the points on the conic 
co (Art. 13) in 2, has its center at A, and the other corresponding to the line d 
(Art. 14) has its center at the point 


/ —— .7 . . 
A 1= (0 - 17127 34U3U4 « 1137 4Q2U4Ue . 1 147 23U2U3) 


whose transform is the line d itself. To obtain the equations of the first pencil, 


one needs only to put w;=0 in 
p=0, u=0 


given in Art. 18 or in the equations given in Art. 17. The equations of the other 
pencil are those of the polar planes of points of d whose codrdinates are given in 
Art. 14 with respect to F; and F, and are given by 


NQ{UsT 197 14U 1+ WoT 137 14Uo + A3U3T 197 1403+ A4U4T 127 1304 = 0, 
AO UsT oT 1481+ boom 137 1402+ O33 eT 1403+ b yar 97 13%4=0. 


For every value of \ there is a ray of the pencil, and every ray of this pencil pierces 
the plane x; in the same point A, whose coordinates are given in Art. 20. The polar 
planes of this point A’; with respect to F; and F» are 


Ag 3 WaT 127 3409+ A3U QUT 137 42.03 + A4U2QU3T 147 2304 = 0; 
begat oT 340e+ b3loU4T 137 4203+ byes 147 23% 4 =(0 


which intersect in a line which is no other than d itself. 


21. Similarly, we can show without any difficulty that the system of complex 
lines in a plane containing an edge, A,Az, of the tetrahedron of reference is made up 
of two flat pencils, one with center at A, and the other with center at A». 

22. Now we examine further the relations between the lines and points in any 
plane uw and the points and bisecants of the space cubic k? which wu determines. 
Since every point on k? transforms itself into a line of the complex in u and every 
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point in wu transforms itself into a line cutting across k? twice, let 1; and Il, be two 
lines in u corresponding to the points LZ, and L, on k’, and then the point P in which 
1, and l, intersect goes into the line p cutting across k? in L, and Ly. Thus, a one- 
to-one correspondence exists between the points in u considered as the intersection 
of two tangents to the conic y2 of the complex and the bisecants cutting across the 
cubic Kk? in the two points to which the tangents to y2 correspond. If LZ, and Le 
approach coincidence, the rays /; and /, also approach coincidence. The p becomes 
a tangent to k? while the point P in wu moves up to the conic y?.. We can easily 
conclude that ) 

A point without y? goes into a real bisecant of k*; on y*, a tangent; within y*, a line 
with no point in common with k°. 

23. We have seen that every conic y” by our method of transformation, goes 
into a quartic scroll. In particular, if y” is coincident with y? every point of which 
goes into a tangent to k’, the surface is a developable with k? as the cuspidal edge. 
But in general, y’?, when not coincident with y?, is cut by every tangent to y? in 
two points; therefore, every point on k’, in general, is a double point on the corres- 
ponding quartic surface. In other words, k* is a double curve. We can easily see 
that the ruled sextic surface coming from a plane cubic contains k® as triple curve, 
and that, 7n general, the ruled surface of degree 2n coming from a plane curve of degree 
n contains k? as n-fold curve. 


24. From the figure of the preceding article we see that corresponding to P,; on 
the conic y’”?, which is the intersection of the complex lines J; and ls, is the ruling p, 
on the corresponding quartic, cutting across kin L,and Ly. But the ray l. intersects 
y” again in P», which is on another complex line /3; therefore, on the quartic surface, 
from the point Lz on k* issues another ruling pe meeting k? again in the point L3. 
Continuing the process, we see that from every point on k® go two generators of the 
quartic meeting the curve again in two different points, from each of which goes another 
generator. But if a ray of the complex is tangent to the given conic y”, 1.e., cuts 
it in two coincident points, then corresponding to the two coincident points P, and 
P; common to y” and lJ; are two coincident generators from the point Z; on k? on 
the quartic. Then L; is a pinch-point on the surface. We may thus conclude that 
the existence of a line of the complex tangent toa given plane curve means the existence 
of a pinch-point on the corresponding surface, and that, in particular, a ruled quartic 
with a double space cubic which does not degenerate can have no more than four 
pinch-points. If y’ intersects y? in two real points, two of the pinch-points become 
imaginary, for the two conics can have only two real common tangents. 
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SECTION III 


25. The most general equation of the ruled quartic from any conic is given in 
Art. 9. Let the lines p’., p” ix, p’” ix be three lines of the complex in the plane u, ie., 
form a circumscribed triangle to y’, and further let P’, P’’, P’”’ be the three points 
on k to which p’ix, p’’ ix, p’’’ix correspond respectively. Finally, let p's, and p’’ x 
intersect in R’”’, p’’;, and p’”’ in R’, p’”’;, and p’, in R’”’. Without loss of generality, 
let a given conic in the plane pass through R” and R’” but not R’. Then the cor- 
responding quartic surface is given by 


A11Q”? +24 10Q’Q”" +24 13Q’""Q’ +24 23Q”Q’" =0 


where the Q’s are the left members of the equations of the quadric cones corres- 
ponding to the lines p’ x, p”’ ix, p’”’ x (Art. 9). This equation can be written 


4 3 
LIT kT 7 1 [34 rep” © n| LiLKU jL1=0 [Ao2=A33=O0]. 
1 1 


26. Now corresponding to the points R’, R’’, R’” are three lines 7’ x, 7” in, 777 ix 


forming a triangle with its vertices P’, P’’, P’”’ on k. Let the plane of this triangle 
be denoted by w’ and its complex cubie by k”%. The above quartic surface is inter- 
sected by w’ in a conic y’” through P’”’ and P’” and two straight lines which are 
rulings of the surface corresponding to the points R’” and R’’’. Note that R’, R”, 
R’’’, being three points whose transforms are three lines in w’, are three points of 
the space cubic k” which wu’ determines. Then the conic y’” in u’ will go into a 
quartic surface which is intersected by wu in the conic y” and the lines p’’;, and 
p’”’ x, which are rulings of the surface. Therefore, we conclude: 

27. Any conic through two vertices of a triangle whose sides are complex lines (or 
through two points onany complex space cubic) goes into aquartic surface all of whose 
generators intersect another conic through two vertices of another triangle whose sides 
are complex lines (or through two points on another complex cubic). The quartic 
corresponding to the latter conic will have its rulings all going through the former conic. 
This class of quartics we designate as class I (III of Sturm). 

28. But if the given conic y” goes through R’ also, we have class II (IV of 
Sturm). The equation of this quartic surface is 


A 12Q’Q"’ +A 13Q’Q’"" + A23Q”"Q'" =0 


which is the same as the equation of the quartic surface given in Art. 9 after having 
imposed the condition that r~s. This surface is intersected by the plane wu’ in four 
straight lines three of which are 7’ i, 7’ i, 7’, and the fourth which we designate 
by 8, 1s the very line whose corresponding quadric is intersected by wu in the given 
conic y”. Every plane through s,;, cuts the surface in three generators and this is 
to be expected, for there are an infinite number of triangles with vertices on y’”? and 
sides tangent to y? [C. Smith, Conic Sections, p. 275]. 
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29. These two classes have a space cubic for double curve. Class I has all its 
generators going through a conic with two points in common with the double 
curve and class IT has all its generators going through a straight line which has no 
point in common with the double curve. The former reciprocates into one of the 
same kind, while the latter reciprocates into one with a triple line [see below, class 
VA. 


30. Now let the plane w pass through A,, a vertex of the fundamental tetra- 
hedron. The k? of this plane is made up of the conic c? in the plane x, and a straight 
line d, and the system of complex lines is made up of two flat pencils A; and A’, 
(Art. 20). Every conic y” not going through A, in u transforms itself into a quartic 
with c? as double conic and d as double line. From every point on d issue two 
generators meeting c? in two different pgints and vice versa. It can be easily 
seen that there are in general two pinch-points on c? and two on d, for there can be 
in general two tangents from A, and two from A’; to y”. 

al. Let. px, and pa, be two rays of A*;.and pales: 2s a!" 402.020) 
be a ray of Ay, meeting p’;, in R” and p’’,in R’. Without loss of generality we can 
let a given conic 7? pass through R’ and R” (but not through A, nor A’,;) and the 
equation of its corresponding quartic is the same as that of class I given at the end 
of Art. 25 after making the necessary changes in the 7;;’s. This quartic is inter- 
sected by the plane w’ determined by the line d (corresponding to A’,) and the lines 
r’, and r’’;, (corresponding to R’ and R’’) in a conic y” and two generators (r’ 
and r’’;,). This conic y” goes back into a quartic whose section by w is no other 
than the given conic y” and the two lines p’;, and p’’;,.. Therefore, this quartic has 
all its generators going through a conic. This is class III (V of Sturm). If y” is 
tangent to the line A,A’,, one of the pinch-points kn c? and one of the pinch-points 
on d fall together at the point common to c? and d. 


32. If y” goes through A’; also, its transform is of class IV (VI of Sturm) whose 
equation can be easily obtained by putting A3;;=0 in the equation of. class III. 
The plane section by w’ is made up of four straight lines 7’, 7’’i, the line d, and a 
fourth line p;, whose corresponding quadric is cut by u in the given conic y” itself. 
This quartic, every one of whose generators, besides meeting c? and d, meets this 
line py, reciprocates into one with a triple line [see class IX below]. Note that there 
is one pinch-point on d and two on c?, for there is only one ray of the pencil A’; 
and two of the pencil A, tangent to y’”. 


33. If the edge A,A, of the fundamental tetrahedron lies in the plane u, any 
conic y” in it not going through A, and Ag, the centers of the two flat pencils 
making up the complex conic y? (Art. 21), transforms itself into a quartic surface 
whose double cubic is d+d’+e. Letting p’, and p’’;, be two rays of pencil Az and 
pix be a ray of pencil A,, we have 


L / / FL TA e7 Li. bn (NAL wou tit riots tt) a ° 
(FER Saree | Rg tate 8 34=0, 0 Ha casty ¢ HA Saget 34=0, 4S Aw Sekt ORME Aen 8: 34=0; 
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and putting these in the equation of the quartic in Art. 9, we have the resulting 
equation representing the quartic in question. This is class V (VII of Sturm). 
There are in general two pinch-points on each of the lines d and d’. e, to which 
every point on AA, but not A; and Ais transformed, for y” has two points, real 
or imaginary, in common with A,A»2. But if the given conic y” is tangent to A,A> 
e is a cuspidal ruling and d and d’ have each only one pinch-point. 

34. To obtain the next class, VI (I of Sturm), of quartics which have only two 
double lines and no double generator, we take a cubic curve without a double 
point in the plane u through the points A; and A». . The corresponding surface is a 
sextic made up of the two planes x; and x2 corresponding to A; and A, respectively 
and a quartic. 

35. Let the equation of a cubic cone with its vertex at A,(0 : 0: 0: 1) and with 
two elements one through A, and the other through A» be 


3 
DA popVr LL; = 0 [A 11 =Aage = (J. 
1 
The plane section of this cone by the plane u(0 : 0 : w3 : u4) is a cubic curve through 


A, and A». Letting p’x, pix, p’”’ ix. be the codrdinates of the lines in which the 
planes 21, %2, 23 intersect wu, we have 


p’ ix(O0 Othe Oe: p' 49 ‘ p23) [where p' 42 = U3; Dog = Uni 
Di aO Sp igs DP ae 200 20) [where p’’13= U4; p’’14= — Us], 
(ANAS AO Namie aioed O ba 0 Bear eae d Facey § ae [where p’”” = ua]. 


Then the quadrics corresponding to these lines are respectively 


Q! =22[waop' sat re3p' 0303] =0, 
Q” =axilrisp"13t3+ wisp 1404] =0, 
Q!" =p" 190142 =0. 


Therefore, the sextic surface corresponding to the cubic curve is given by 
3 
ZA eQOQQY =0 [A111 =A222=0). 
1 


which, when expanded, is 
22 [a quartic factor] =0. 


36. The factor enclosed in the bracket equated to zero gives a quartic surface. 
If the cubic has a double point, this surface is of class V, for it has d and d’ for 
double directrices and has a double generator which, however, is different from e. 
But if we impose upon the 4,,;’s the condition that the cubic be without a double 
point, the surface will be without a double generator. 

37. This surface has four pinch-points on each of the two double directrices, 
for, the class of the cubic curve without a double point being six, there can be drawn 
from a point on it four tangents exclusive of the one at the point itself. 
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38. Note that the equation of the degenerate sextic surface given in Art. 35 
could have been obtained from the sextic equation in Art. 9 by putting A111, Ao, 


(f / / / / 1H 4 I yI WUT tit ttt Aas TUT 
Pits Pia) 14; Dieu. P. 1d,0P 54 .doe- D838) Pee 1g, Psa gk Pad, oy ke equal 
to zero [Art. 35]. 


39. Now if we put in the equation of the cone in Art. 35 
Ain1=Aiy=Ais3=0, 


the result is that of a cone with 
Lo = 0, 03> 0 


as double element, thus giving a plane curve in u with a double point at A,. With 
Ain, Ans, Auts, p’ 12, p13) p' 14; p' 34; p’' 12, p'' 34, p"" a2, p'' 93, ie Die Dee: De 
p’’’s3 all put equal to zero, the left member of the sextic equation in Art. 9 factors 
into 2; [a quartic factor]. 2?,=0 represents a double plane corresponding to the 
double point A,;. The quartic factor equated to zero represents a quartic surface 
which has the line d’ as a triple line and d as a simple line. From every point on 
d’ issue three rulings corresponding to the three points in which every line of the 
pencil A», intersects the given cubic; and from every point on d issues only one 
generator corresponding to the point in which every ray of the pencil A; meets the 
cubic besides A, itself. This class of quartics is class VII (X of Sturm). Since from 
the point A» which is not on the curve only four tangents can be drawn to the curve, ~ 
the triple line has four pinch-points, 1.e., points at which two of the three generators 
become coincident. 

AO. To get class VIII (1X of Sturm), we must return to the case where the plane 
wu passes through the vertex A, of the fundamental tetrahedron. Remembering 
that the coordinates of A’; are [Art. 20]. 


(O : myom34Uga 2 W13T4gU4lg 2 T14Te3UoUs) 


and letting A’,A’’; and A,A”’; be the lines of intersection of w with x; and 22 respec- 
tively, thus giving (0: 0: w4: —wus3) for the codrdinates of A’’;, we have 

A’;A", =p’ x(0 na era Oe US =e, UZ U4), 

A,A"";=p" (0 ae Vimeo) ee 0 tere 0 as 0), 

AA =p" i (ari197 3434 2 1137 49U4Ue 2 WaT 233 : (he Os 0). 


To these three lines correspond the following quadrics, respectively: 


Ql = 34Uol gla Tog slot To3Wster3 =0, 
Ce = 21 (11343 =e 1 14U304) = 0, 
et = XL1 (oT 34UgUsle + ri gm goog 3+ 1 4T 232304) =(). 


Then the equation of the sextic surface corresponding to any cubic in w with a 
double point at A; is given by 


ZA re QOQoQ® =0. [Ai =Ain2=Aii3=O]. 
7 | 
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The result of expanding this equation which is the same as that obtained from the 
sextic equation in Art. 9 by putting A111;=A112=Ai13=0 and by assigning to the 
pix's their respective values given above, is an equation whose left member is made 
up of two factors, x7; and a quartic factor. x?,=0 gives a double plane correspond- 
ing to the double point A,, and the quartic factor equated to zero represents a 
quartic surface which has a triple line coincident with d from every point of which 
issue three generators meeting the conic c? in 2, in three different points. Quartics of 
this class have in general four pinch-points on d, and their reciprocals are of class 
II already considered. 


41. If the cubic goes through A’;, then A22.2.=0, and the corresponding quartic 
surface has one of its generators coincident with the triple line d. This is of class 
IX (XI of Sturm). 


SECTION IV 


42. So far we have been able to obtain nine classes of ruled quartics; to obtain 
the remaining classes we need to alter the machinery of transformation. Let the 
fundamental quadrics touch each other along a straight line, and, for the sake of 
simplicity, let their equations be 


Sy = 11271 +9079 + 293% %3 +2042 104=0, 
So=b 11271 +bo0%72+ 2bo3%o%3 +26 14% 141=0 [do3 : bos =Ay4 : yal, 


the line of tangency being 7;=0, 72=0. Any point Y (y1, ye, ys, ys) IN space goes 
into the line 

(QirYr tG14y4) Li + (Ao2YotAe3Y3) Tot GesY3t3+14y1t4=0, 

(biryit brsys) Xi + (D22Y2+ bosys)Xo+ bosyotst bray its =O, 


intersecting the line 7;=0, 2.=0. Therefore, all the lines thus obtained cut across 
the line of tangency of the two given quadrics. To the point (0: 0:1: m) on this 
line of tangency correspond the common tangent planes to S; and S. at the point. 
Every point in 2; goes into a ray through A,(0: 0:0: 1) and every point in 22 
goes into a ray through A; (0: 0: 1:0). Since there is nothing special about the 
plane x4 except that it is a face of the tetrahedron of reference, we shall find the 
remaining classes of quartics corresponding to curves in this plane. 


43. The system of common tangent planes along 7,=0, x2=0 is intersected by 
the plane x, in a flat pencil of rays with center at A3. Since any point in x, is on one 
of these lines and hence in one of these common tangent planes, its corresponding 
ray must cut across the line 2,22 at the point at which the plane containing the 
given point is tangent to the two quadrics; but every point on x;=0, x4=0 goes into 
the same line z2=0, x;=0. Therefore, every conic y's in 24 goes into a quartic 
surface with a double ruling x.=0, x3=0 which corresponds to the two points which 
vy” has in common with z,;=0, 7;=0. From every point of the line of tangency of 
S, and S2 issue two generators of the quartic surface, corresponding to the two 
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points in which every ray of the pencil A; cuts y’?; therefore, this line is a double 
line. Furthermore, it is a line along which two double lines coincide, for every 
ray of the pencil A; is a line in which two coincident planes tangent to S; and S. 
intersect x4. This quartic is of class X (VIII of Sturm), and its equation is obtained 
as follows: 


Let 3 
DA {jl jl p= @) 
1 


be the equation of any cone whose plane section in x4 is a conic y’”2. Any line 


UX Ht UeLot U3X3 = 0, C4= 0 
goes into a quadric 


(W302, t+ Ue¢i1, 93) 0 Xo + U3¢93, 11% 1X3 + Ur2¢293, 222+ UsPo29, 14%9%4=0 
where 
Yijy bL= A; j0K1— An 1b; ; 

and 

Oij, kL TQkl, i}. 
Putting u;=1, uz=u3=0, we have 

Q1=¢2, 93075 =0, 
the quadric corresponding to the line 7;=0, x4=0. Putting u.=1, u;=us=0, we 
have 

Qo= un, 93%1X_=0, 
the quadric corresponding to x2=0, x4=0. Finally, putting u3=1, u:=u,.=0, we 
have the quadric 

Q3=¢11, 23012 + O11, 3013+ O14, 92%t4=0 


corresponding to the line 73;=0, 7,=0. Then the equation of the quartic is given by 


3 
ZA :Q:Q;=0 
or, when expanded, 


A 119720, o304+2A 13911, 22022, 230 1039+2A 12P 11, 23922, 93%12°3+2A 13922, 23014, g0U% oh 4 
+ (A ov", os t+2Ao3011, 22P 11; os tA 33¢711, 99) 0710759 + A o3¢711, 9307 1073-+ A 339714, 
2907907 4+ 2011, 23(A 33011, ext+Aosoui, 93) U7 1%o%3+2942(Asso11, ox +Aeson, ) 
112" oX4+2A 33911, 23014, 22012 2V304=0. 


44. Putting x.=0, we have x?;=0, and vice versa, showing that the line z.=0, 
x3=0 is a double generator. Putting x,=0, we have the curve of intersection of the 
surface in x4, having a node at A; and a tacnode at A; with the line A2A3 as tangent. 

45. The quartics of class XI (II of Sturm) which have two coincident double 
directrices but no double generator, can be obtained from a cubic in a4, tangent to 
the line A2A3 [z,=0, r3=0] at A3. This curve must not have a double point, for 
then the corresponding surface would have a double generator; nor must it go 
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through the point A,(1: 0:0: 0) whose transform is the plane 2, for then it 
would be impossible to obtain a quartic surface. Then to the given cubic we have 
corresponding a sextic surface which is made up of the plane x2 counted twice cor- 
responding to the point A; of contact between the curve and A2A3, and a quartic 
which has no double ruling. 


46. Let 


3 
DA 54-52 2, =0, rene 0 ' [A 333 = Ao33 = 0] 
ak 


€ 


be such a cubic curve, which transforms itself into the sextic surface 
3 
ZA 2 QQ iQe=0 [A 333 = A233 = 0] 


where the Q’s have the same meaning as those of Art. 43. This equation, if ex- 


panded, would be 
xo[a quartic factor] =0. 


The bracketed factor equated to zero is the equation of the required quartic surface. 


47. If, in addition, Aj33 is put equal to zero, we have a cubic curve with a node 
at A3, and the corresponding surface is of class XII (XII of Sturm, which has the 
line +,=0, v2=0 for triple line, that is, a line through which three sheets of the 
surface pass. If the double point at 4; becomes a cusp, only one of the sheets passes 
through the triple line, while the other two unite into a cuspidal sheet. This is a 
special case of the above but Salmon made a separate class (V according to his 
enumeration) of it. 


48. This concludes the study and classification of ruled quartic surfaces. It may 
be added that classes could have been obtained from plane quartics with their 
singular points at one or two of the vertices of the fundamental tetrahedron, from 
space cubis not belonging to the complex through one vertex of the fundamental 
tetrahedron and also from space quartics through all the four vertices of the funda- 
mental tetrahedron, but none can come from quintic curves or curves of higher 
order, plane or space. 

Many thanks are due to Professor D. N. Lehmer, without whose kind and 
patient guidance this work would have been an impossibility. 
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